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fgct@j\dG=ZH_`
Di
¨YjlMDXp5M;]
Zld~}`ML~V`
 M
Z
regi
fgc{t
switchi
MbZlGJMbpJj\M;tYde]LfgZlM;XQ]hG{f`j\f]ZlM;jld~£Ld~cJZlG{Mbj\MLaJ~fgZl_jlVfgc{t9XldZ\]hGJd~cJ tJ_`Kfgd~c{Xn_`
Di
¨?j\M;XlpMD]±
Z\d}ML~V`§{_`j
D ∈ D
¨MLZ
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M = (X, U, Y, θ, µ, ν)
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∀D, D′ ∈ D
B
D → D′ ⇐⇒ switching(D) ⊂ switching(D′) ∧ not  tr(D)∧
∧
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D′i = preci(Di) ∧ eq
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i (D) ∨ D
′
i = succi(Di) ∧ eq
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i (D) ∨ D
′
i = Di
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switching(D′) ⊂ switching(D) ∧ not  tr(D′)∧
∧
i=1,...,n
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D′i = preci(Di) ∧ eq
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′) ∨ D′i = Di
)
4\RF28
not  tr(D) =
∧
xi∈Y
(
regi(D) ∨ min
D′∈R(D)
φi(D
′) < Di < max
D′∈R(D)
φi(D
′)
)
³´c=Zla{dZ\d}ML~V`¨¥]
_`ctYdZ\d_c
not  tr(D) deX¯X\fZldeX{M;t.dJtY_`Kfgd~c D d~XcJ_gZ28E	FfE¨Dd~c.ZlGJM(XM;c{XMoZ\G{fZdZdeX¯d~c{XZ\f`cZhfgcJM;_`a{Xl~V]Ljl_=XlXlM;tWVfgcWV Zljhfm[MD]Zl_jlV_g
M
jlMDf`]hGJd~cJ
D
§J_jZ\GJMr]Lf`XlM@G{MLj\M
Y = X
¨
Q(M)
]
_`j\j\M;Xlp_c{tJXML¡Jf`]Z\V Zl_ ZlG{M
¼=a{f`dZ\fgZld~}`MQZljhfgc{XldZld~_`c`jhfgpJGtYM
{c{M;tdc L~z^9N 
r\rtsuvwxy
x )V281D2h)HH F2
G C R C R Ä O_ Ä=/À=  +uÄ Å À ,©
pM"cJ_ pJj\_`p5_XlM1ZlGJM]L_`c{XZlj\a{]Z\d_c9_g(fp{f`djQ_g]L_`K"p5_`cJM;cZl±«f`XlM;tK"_YtYMLeX^jl_K²fpJd~M;]LMLdeXMd~cJMDfgj.XVYXZlMLKr1FHGJM;V
f`jlM^XlVWK5_`~d~]`¨d~cZ\GJMQXlMLcXMZ\G{fZZlGJM.XZ\fZ\M^Xlp{f`]LM^fgc{t@XaJXMLZ\XkZlGJM;jlM;_g¯fgj\Mnj\MLpJj\M;XlMLc=ZlMDtf`XkpJjlMDtYde]LfZ\M;X;¨jhfZ\GJMLj¦ZlG{f`cWV
M;c=a{KM;j\fgZld~cJZlGJMXZ\fgZlMDXL
S  Ä _ Ä ?? Ä= 7
not  tr = ∧i=1,...,n
(
regi ∨ inci(eq
6
i ) ∧ deci(eq
>
i ) ∨ eq
<
i ∧ eq
>
i
) E
 M
Z
P(X)
tYM;cJ_gZ\MQZlGJMXlM
Zn_`pJj\M;tYde]LfgZlMDXH_`c
X

4À65b= ?? Ä=HG #I9
C(M)
< )V	P[+#	H,T4j	% 
	#T2$1
M = (X, U, Y, θ, µ, ν)
Bb46QD>6"dREQ,HmEah^DF
C(M) = (

evels, A, Ac, G, F ) = (B1‖B2‖...‖Bn)/V
'F04a E
• ∀i = 1, ..., n . Bi = counter(Di)
B #
• V : A → P(D(θ))
.,TRR
V (Bi.inc) = V
>
i

V (Bi.dec) = V
<
i
4j	dR
V <i =regi ∧ not  tr ∧ eq<i ∨
µ59·
switchi ∧ inci(not  tr ∧ eq6i )
µ   ·
V >i =regi ∧ not  tr ∧ eq>i ∨
µ«w`·
switchi ∧ deci(not  tr ∧ eq>i )
µE·
4\RF28 	

(Di)
	%&ZGT./DTZ,H./K2QD>6H 
Di(θ)
G$hdRE&528E		[$KF 	

(Di) =
(
{leveli},
{inci, deci}, {Ginci = leveli 6 θ
pi
i , G
deci = leveli > θ
1
i }, {F
inci = succi(leveli), F
deci = preci(leveli)}
) 4\RF2T
{inci, deci}
28g,H280G0 128F5 E",HE52T	H *D,F	 	 '
xi ∈ U
128F5 E
xi ∈ Y
 E
\F
(Q, )
GT&dRE Fh	,F  '
C(M)
E
q]
Zld~_`c{X
inci
µ
deci
·]
_jlj\M;Xlp5_`c{t Zl_fgc°d~c{]
j\M;fXM µ©tYMD]
j\M;f`XlMD·1=V_`c{M@_gHZ\GJM tYdeX\]
j\M
Zld~£LMDt]
_c{]
M;c=ZljhfZld~_`c
leveli
_g
pJj\_gZ\MLd~c
i
QIn_`Zlde]
MbZlG{fgZQ(MtJ_@cJ_`Z.fXlXlaJK"MaJc]
_`cX[Z\j\f`dcJMDt}fgj\d~f`J~M;X^Zl_@5M]
_c{X[Zhfgc=Z;1FHGJMpJj\M;tYde]LfgZlMDX
V <i
fgc{t
V >iXlpMD]
dVGJM;cf¬Z\j\f`c{XdZld~_`ctYM;]LjlM;K"MLc=Zld~cJ
xi
f`c{td~c{]LjlM;KM;c=Zld~cJ
xi
¨gjlMDXp5M;]
Zld~}`M;V¨d~XoM;c{fgJ~M;t¯/P_jlM(pJj\M;]Ld~XlML~V`¨g~d~cJM;X
(
9
)f`c{t
(
w
)
Xlp5M;]
dV.ZlGfZ/ZlGJM;jlMd~XofZ\j\f`c{XldZ\d_c1jl_K fn~_M;j± _`jhtYMLj?Z\_¬f^GJdGJMLjl± _`jhtYMLjXldZ\]hGJd~cJ¬tJ_`Kfgd~cd~c1ZlG{M(tYd~j\M;]Z\d_c_g
Z\GJM^Zhfgj\`MLZ¦M;¼=aJd~d~Jj\daJK _`»ZlGJMQX_aJj\]LM^tY_K"f`dc  dcJMDX
(
 
)
fgc{t
(

)
d}MZlG{M¬]
_c{tYdZld~_`c{Xk_`jkZljhfgc{XldZld~_`c{XtYM;]LjlMDf`XldcJ.Z\GJM
_j\tYM;j;ªoZ\GJMLVKaX[Zn5M]
_K"p{fZ\dJ~M1dZlGrZlG{MjlM;~fgZld~}`M.p5_XldZ\d_c_`Z\GJM1Zhfgj\`M
ZMD¼a{d~d{jld~aJK½_g/ZlGJMtJM;XZld~c{fZ\d_crtJ_`Kfgd~c¯
N_c{tYdZld~_`c
not  tr KfgM;XbXaJj\MZ\G{fZZlG{MLj\M@deXbfZljhfgc{XldZld~_`cj\_`K f XldZ\]hGJd~cJ tJ_`Kfgd~c D ∈ Ds Z\_fGJd~`GJM;j± _`jhtYMLjXldZh]hGJd~cJ9tY_`Kf`dc_`cJ~Vd
D
d~X1c{_gZ1ZljhfgcXd~MLc=Z._`jf`cWVtYd~KM;c{Xld_c/ZlGJM;jlMdeX1fZljhfgc{XldZld~_`c Zl_9fr~_M;j± _`jhtYMLj.tY_K"f`dc
D
_`cJ~Vrd
D
d~XQcJ_`Z^Z\j\f`c{Xd~MLc=Z¬_`j.fgcWVtYdK"M;c{Xd~_`c I^_gZ\d~]LMZ\G{fZ
V <i ∧ V
>
i
deXQcJ_gZ.cJM;]LM;X\Xlf`jld~~Vg'F L¨»Xldc]
M"XdZ\]hGJd~cJ
tY_Kfgd~c{XHKf¥VG{f¥}`MQK"_`j\MQZlG{f`c_cJMQZ\f`jlM
ZM;¼=aJd~d~Jj\da{K
 À YB 7f	,H
‖
	% HF,		P BRhGHP D>6		 0HPF TiRE4`dREg$1 	%gD,F.
$ 2	5	HS	K
,Hm5 E  RES46'28 Z,HZ28ZRQH,HR
Bi
	%Z,HE	28Hi Y,HmLB 2*dRE
B1‖B2‖...‖Bn	%,TE	28HOYZ	>0,T#Ff E  R/	%,HRE	,T4j	q.>.
$ D1OJdRED28H('Z	K28,5	 GT46T
dREgh^DF T&#28K	E E q./5	YE#28KF	&	n#h,T#Ffh./5 KS  !Kh^./02  b0H	>YK # !
,Hm	5	#
$	% Eq-mK28FFf5	> H,HR"2TKF	*4j	dRhQFK281",T#FfWh$ 0H 1Q 1REHP^$&DG28,5	
 '"dREQGHHREP^	2 E ^h,HRE	,T  $ dRE2Q,F0F
$ 	f128,	m2TKF	KBE'F2"	HK#,H6281	E 	R"F &,T Bj	
g,T#FfB4\R/	0  
	> #F	 REGH2	,HF
  FK281g,HmE5 E
pMtYM
cJMf"XMD]
_`ct ]L_`K"p_cJMLc=ZK"_YtYML¯_}MLjl± f`pJpJj\_¥¡YdKfZ\dc{.ZlGJM.Z\j\f`c{XdZld~_`cj\MLefZld~_`c _g
Q(M)

4À65b= ?? Ä=HG 7 9
Ĉ(M)
< )V	PMh	H,HF4j	%Z
	#T2h$1
M
B"46ZD>6ZRZ,H#Ff"h^DF
Ĉ(M) = (D, A
B
Ac, G, F ) = (B1‖B2‖...‖Bn)/V
'F04a E
• ∀i = 1, ..., n . Bi = counter(Di)
B #
• V : A → P(D)
.,TRR
V (Bi.inc) = V
>
i

V (Bi.dec) = V
<
i
4j	dR
V̂ <i =regi ∧ not  tr ∧ eq<i ∨ switchi ∧ inci(eq6i )
V̂ >i =regi ∧ not  tr ∧ eq>i ∨ switchi ∧ deci(eq>i )
TVU\r"TDW
 
			! "#
$	%&('*)+	,"-"./012$&3&546287 
\F
(Q,  ̂)
GH&RQ 	,& '
Ĉ(M)
E
 "U O_ , À7 \F .> ,HE	2  '>#0 ('Q46 #28KF	
a

b
	>R>	G		H,HRRF2 V#28.,5	  	 E  RF	2
28FEH,5	P28.,	2TK 28 D>6H G$
µa =
{
20
	 '
0 6 xa < θ
2
a ∧ 0 6 xb < θ
1
b
0
dRE24j	%
µb =
{
20
	 '
0 6 xa < θ
1
a ∧ 0 6 xb < θ
2
b
0
dRE24j	%
4j	dR
θ1a = θ
1
b = 4

θ2a = θ
2
b = 8
E  Rh12T5	O28KF (' GTRh#28KF	 28h
46$
2
E  	 ./28 *87DFK,HREF&R
$g	,F ('R"H$KF Bb&8RE4a"R ,H228#	  . 	15	P  
Q(M)
"L>#H 	 
	 E  	 ./28 8RE4a
dRE Fhf5	,F&('
C(M)
#
Ĉ(M)
E
θ2b
θ1b
θ2aθ
1
a
xb
0 xa
θ2b
θ1b
θ1a θ
2
a xa0
xb
§/d~`aJj\Mnz`ª»ikG{f`XlM¦Xpf`]
M¤_`WZlGJMpJdMD]
M;d~XlM¤d~cJMDfgjXlVYX[Z\MLK dZ\G1jlM;~fgZld~}`M¤p5_XldZ\d_cQ_`WZ\fgj\`MLZ¯M;¼=aJd~d~Jj\d~f1µ©ML Zh·fgc{tQZ\j\f`c{XdZld~_`c
XlVYX[Z\MLK#_`Z\GJM¼=a{fg~dZhfZ\d}MQK"_YtYM;
Q(M)
µj\d~`G=Zh·

xb
θ2b
θ1b
θ1a θ
2
a xa0
xb
θ2b
θ1b
θ1a θ
2
a xa0
§/d~`aJj\MYªkN_`K"p5_`cJM;cZnK"_YtYM;~X
C(M)
µ©ML Zh·f`c{t
Ĉ(M)
µ©jld~`G=Zh·

G C R C   +uÄ Å À , bÄ O_oY?© Ä=
FHGJMb_`~~_dcJZ[_@ZlGJM;_`j\MLKX^XlGJ_ ZlGfZ
C(M)
©f`dZ\GYaJ~VK"_YtYMLeX
Q(M)
¨5a{pZl_ ZlGJMbK"d~X\Xd~cJtYd~f``_c{fgZljhfgc{XldZ\d_c{X;
§{jl_K fQJd~_`~_``de]Lf`Yp_dc=Z¦_`5}Wd~ML1¨Z\GJd~XfgpJp{jl_¥¡Yd~K"fgZld~_`c]Lfgc5M¤m[a{XZld{M;tWVZ\GJMH©f`]
Z¤ZlG{fgZkpJj\_WtJa{]Z\d_cf`c{t"tYMLj\ftJfZ\d_c
_`bpJj\_gZ\MLd~c{X f`jlMcJM;}`MLjpJj\M;]Ld~XlML~V¹K"M;f`XlaJj\M;t¾f`c{t¾j\MLp{jlMDXM;cZ\M;t&=VºZ\GJM°tYd®5M;jlM;cZ\d~f`.M;¼=a{fZ\d_c{X;¨^cJ_jf`jlM ZlGJM;VºZlj\aJ~V
]L_`c=Zld~cWaJ_`a{X;¨¯JaJZ@µ_`cfK"_`~M;]
a{~f`jQ~ML}ML ·.tYdeXl]LjlMLZlMaJc{]
Zld~_`c{X;FHGJMLj\M
_jlM¨fgcWV9]
_jlj\M;]
Z"µZlG{fgZd~X;¨{d__`de]Lfg~~VrXl_`a{c{t{·
K"_YtYMLd~¯5M1jl_Ja{XZHM;cJ_`a{`GrX_f`XZ\_fg~_¹_jdc=Z\MLj\MDf¥}=d~cJbZljhfgc{XldZld~_`c{XHd~c{XZlM;ft@_`oXlVWc{]hGJj\_`cJ_a{X(X[Z\MLp{X;
; ] ÀWÄ  À  7'
D  D′
'F2
D, D′ ∈ D
BRF
D → D′
E
r\rtsuvwxy
zDy )V281D2h)HH F2
FHG{fgZd~X;¨Jd
C(M)
];fgcKfg`M1Xl_`K"MQZljhfgc{XldZld~_`c¯¨WZ\GJMLc
Q(M)
];fgcrKfg`M¬ZlG{MXlf`KMQZ\j\f`c{XdZld~_`c
q2T^ ' E TWa{pJp_=XMkZlG{fgZ
D  D′
o§JaJjlZlG{MLjoXaJp{p_=XM¨DdZlG{_`aYZ/_=XlX_gJMLcJM;j\f`dZ[V`¨;ZlG{fgZ
D′k < Dk
¨gf`c{t
∀i 6= k . D′i = Di

pMtYdeX[Z\dcJaJdeXGZ[(_"];f`XlM;X;
³ 
switch(D′k)
ZlGJM;c@WV ^ML{cJdZld~_`crgyY¨
V <k (D)
fgc{t"Z\GWa{X
(not  tr ∧ eq<k )(D)
¦¢VtYML{cJdZld~_`c_`
→
dZ(_`~_nX¦ZlG{fgZ
D → D′

³ _`cZ\GJM_gZ\GJMLj1Gfgc{t»¨
switch(Dk)
¨ZlG{MLc (
inck(eq
6
k )
)
(D)
¨¤fgctZ\GWa{X
eq6k (D
′)
¬M
{c{M
D′′
Xla{]hGZlG{fgZ_`jbfgcWV
i = 1, ..., n
¨
D′′i = preci(Di)
d (
switchi ∧ inci(eq
6
i )
)
(D)
¨
D′′i = succi(Di)
d (
switchi ∧ deci(eq
6
i )
)
(D)
¨(fgc{t
D′′i = Di
_gZ\GJMLj\d~XlM` p MG{f¥}M
D′k = D
′′
k
fgc{t
∀i . regi(D′′) ∨
(
inci(eq
>
i )
)
(D′′) ∧
(
deci(eq
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